The linear dielectric response of an assembly of noninteracting symmetrical top molecules ͑each of which is free to rotate in space͒ is evaluated in the context of fractional dynamics. The infinite hierarchy of differentialrecurrence relations for the relaxation functions appropriate to the dielectric response is derived by using the underlying inertial fractional Klein-Kramers equation. On solving this hierarchy in terms of matrix continued fractions ͑as in the normal rotational diffusion͒, the complex dynamic susceptibility is obtained and is calculated for typical values of the model parameters. For the limiting case of spherical top molecules, the solution is obtained in terms of an ordinary continued fraction. It is shown that the model can reproduce nonexponential anomalous dielectric relaxation behavior at low frequencies (р1, where is the Debye relaxation time͒ and the inclusion of inertial effects ensures that optical transparency is regained at very high frequencies ͑in the far infrared region͒ so that Gordon's sum rule for integral dipolar absorption is satisfied.
I. INTRODUCTION
Dielectric relaxation of a variety of materials ͑such as amorphous polymers, glass forming liquids, etc.͒ often exhibits in practice nonexponential behavior with a slowly decaying long time tail. Such a process is commonly characterized by a complex susceptibility ͑͒ which exhibits ColeCole behavior, viz.,
͓for ϭ1, Eq. ͑1͒ reduces to the well-known Debye equation͔. Anomalous relaxation has its origins in anomalous diffusion. A physical explanation of anomalous diffusion described by Eq. ͑1͒ may be given in terms of the continuous time random walk ͑CTRW͒. The concept of a CTRW was introduced by Montroll and Weiss in 1965 ͓1,2͔ as a way to render time continuous in a random walk without an appeal to the diffusion or continuum limit. In the context of dielectric relaxation, the CTRW allows one to derive a fractional rotational diffusion equation in configuration space which yields Eq. ͑1͒ ͑detailed discussion of this subject is given in Ref.
͓3͔͒. However, in such an approach inertial effects are ignored.
The omission of inertial effects in the relaxation process gives rise, in the context of dielectric relaxation, to the phenomenon of infinite dielectric absorption at high frequencies. In order to give a physically meaningful description of the high-frequency behavior ͑e.g., to avoid a diverging absorption coefficient͒, the inertial effects must also be included in anomalous relaxation just as in normal relaxation. In the context of Brownian motion, the inertial effects may be treated by either averaging the inertial Langevin equation over its realizations or by constructing the Klein-Kramers equation for the evolution of the probability density function in phase space. We remark that models of the rotational Brownian motion are frequently used in studying orientational relaxation in liquids by various probe techniques such as dielectric relaxation, the dynamic Kerr effect, far-infrared absorption, Raman scattering, etc. ͓4 -6͔. The various generalizations of the Klein-Kramers equation to fractional diffusion which have been proposed have been described by Metzler and Klafter ͓7,8͔ and Barkai and Silbey ͓9͔. By using the rotational counterpart of the fractional Klein-Kramers equation ͑FKKE͒ of Barkai and Silbey ͑their FKKE was suggested for one-dimensional translational Brownian motion͒, Coffey et al. ͓10, 11͔ have shown ͑by generalizing the approach given by Gross ͓12͔ and Sack ͓13,14͔ for normal rotational diffusion͒ how inertial effects may be included in the fractional dynamics of noninteracting planar rotators and rotators in space ͑linear molecules͒ to yield a physically acceptable description of the far-infrared absorption in dipolar fluids. Moreover, Coffey et al. ͓10, 11͔ have proposed a method of solution of the inertial FKKE. The key step in applying the method is first to convert by appropriate transformation the FKKE into an equation for the quantity the statistical average of which is desired. The resulting differential-recurrence relation may then be solved by continued fraction methods to yield the complex susceptibility.
Although the models considered in Refs. ͓10,11͔ reproduce the principal features of dielectric relaxation of an ensemble of dipolar molecules, these models may only be used in the limiting case of linear molecules. Here, the approach for rigid rotators proposed in Refs. ͓10,11͔ is extended to the orientational relaxation of an assembly of dipolar nonpolarizable symmetrical top molecules undergoing fractional diffusion in space ͑treated originally by Morita ͓15͔ and Coffey et al. ͓16͔ for normal diffusion͒. Here we demonstrate how this generalized model can reproduce the nonexponential ͑Cole-Cole type͒ anomalous dielectric relaxation behavior and how the unphysical high frequency behavior of the absorption coefficient due to the neglect of inertia may be removed in fractional relaxation. The after effect solution for the dynamic Kerr effect ͓6͔ may be treated in analogous fashion and is also presented.
II. ANOMALOUS ROTATIONAL DIFFUSION OF A SYMMETRICAL TOP MOLECULE IN SPACE
The rotational Brownian motion of a symmetric top molecule in the molecular coordinate system oxyz rigidly connected to the top is characterized by the angular velocity and the angular momentum M defined as ͓4͔ ϭ͑ x , y , z ͒ϭ͑ , sin , ϩ cos ͒ ͑2͒
and
where I and I z are the moments of inertia about the axis of symmetry and about an axis perpendicular to that axis, respectively, , , and are the Euler angles ͑ is the angle between the axis of symmetry of the molecule and the Z axis of the laboratory coordinate system, is the azimuthal angle, and is the angle characterizing rotation about the axis of symmetry͒. In order to describe the fractional Brownian rotational motion, we use the FKKE for the evolution of the probability density function W in configuration-angular velocity space for symmetrical top molecules in the same form as in Ref.
͓11͔ for linear molecules. For symmetric top molecules, the FKKE becomes ͑in the absence of external fields͒
͑4͒
where ␤ϭ/I, ␤ z ϭ z /I z , , and z are the viscous damping coefficients, k B T is the thermal energy, is an intertrapping time scale ͑see below͒ which we identify with the Debye relaxation time /(2k B T) for normal diffusion of symmetrical top molecules, and ␣ is the exponent characterizing the anomalous diffusion process. The operator 0 D t ͓15͔͒. Here, the internal field effects are ignored, which means that the effects of long-range torques due to the interaction between the average moments and the Maxwell fields are not taken into account. Such effects may be ignored for dilute systems in first approximation. Thus, the results obtained here are relevant to situations where dipole-dipole interactions have been eliminated by extrapolation of data to infinite dilution.
III. SOLUTION OF THE INERTIAL FRACTIONAL KLEIN-KRAMERS EQUATION
Let us suppose that the uniform electric field E having been applied to the assembly of polar nonpolarizable symmetric top molecules at a time tϭϪϱ so that equilibrium conditions prevail by the time tϭ0, is switched off at tϭ0. In addition it is supposed that the field is weak ͑i.e., E Ӷk B T, which is the linear response condition͒. For tϾ0, the evolution of W satisfies Eq. ͑4͒. Just as with ␣ϭ1, Eq. ͑4͒ is independent of the angles and so that for the problem in question one may ignore the dependence of W on and . Thus, we seek a solution of Eq. ͑4͒ by using the method of separation of variables in the form of the series
where
P l ͉m͉ (cos ) are the associated Legendre functions ͓20͔, and the functions s n,k m ( x , y , z ) (l,n,kϭ0, 1, 2,...; Ϫlрm рl) are expressed as finite series of products of Hermite polynomials H n (z) ͓20͔ in the components x , y and z of the angular velocity, viz.,
͑8͒
Here ϭͱI/(2k B T), z ϭͱI z /(2k B T), m ϭ0 for mу0, m ϭ1 for mϽ0, M ϭ0 or 1 and the coefficients r 2mϩM (n,q) of the finite series are determined by the recurrence relations ͓16͔
with r 0 (n,q)ϭr Ϯ1 (n,q)ϭ1 and pу0. The above recurrence relations and the orthogonality of the Hermite polynomials ensure that the functions
and that they form a complete set in angular velocity space. The angular brackets denote ensemble averages over the distribution function W, viz.,
͑13͒
The normalizing constants a n,k l,m are obtained by means of the orthogonality properties of the P l m (cos ) and H n (z), viz. ͓20͔,
Substituting Eq. ͑6͒ into Eq. ͑4͒, taking the inner product, and utilizing the orthogonal properties and known recurrence relations ͓20͔ for the associated Legendre functions and the Hermite polynomials, then yields the infinite hierarchy of differential recurrence relations for the b n,k l,m (t) governing the orientational relaxation of the system, viz., 
IV. DIELECTRIC RELAXATION OF AN ENSEMBLE OF SYMMETRIC TOP MOLECULES
In dielectric relaxation, lϭ1 so that by taking the Laplace transform of Eqs. ͑17͒-͑19͒ over the time variables and noting the generalized integral theorem for Laplace transforms ͓17,21,22͔, namely,
we then have a system of algebraic recurrence relations for the Laplace transform of b n,k 1,m (t) (mϭ0,Ϯ1) ͓so that b 0,0 1,0 (t)ϵ͗cos ͘(t)] governing the dielectric response. These equations can be written as a system of algebraic recurrence relations in the frequency domain using Laplace transformation, namely,
Ϫ2͑nϩ1 ͒b n,k
1,1
͒. ͑23͒
Here ͑s ͒ϭ␤Ј͑ s͒ 1Ϫ␣ , z ͑ s ͒ϭ␤ z Ј͑s͒
1Ϫ␣

͑24͒
and we have noted that all the b n,k 1,0 (0) vanish with the exception of nϩkϭ0, viz., b 0,0 1,0 (0)ϭ/3, where ϭE/(k B T). This initial condition follows from the linearized initial ͑at tϭ0) distribution function, which has the Maxwell-Boltzmann form
͑25͒
In order to solve the hierarchy of recurrence Eqs. ͑21͒-͑23͒, we introduce a supercolumn vector C n (s) comprising three subvectors:
The subvector c n 1,m (s) has the dimension nϩ1. The three index recurrence Eqs. ͑21͒-͑23͒ for b n,k 1,m (s) can then be transformed into the matrix three-term differentialrecurrence equation
Here f n,k M (s)ϭϪ(2nϩM )(s)Ϫk z (s)/B and I n is the unit matrix which has dimension nϫn. The initial value vector
and C n (0)ϭ0 for all nу2. The exact solution for C 1 (s) is then given by the matrix continued fraction ͓23͔
where the fraction lines denote matrix inversion. Having determined the spectrum b 0,0 1,0 (i) from Eq. ͑28͒, one can also evaluate the normalized complex susceptibility () ϭ Ј()Ϫi Љ() from linear response theory as ͑Ref. ͓23͔,
where Ј(0)ϭN 0 2 /3k B T is the static susceptibility and N 0 is the number of dipoles per unit volume.
For linear and spherical top molecules, the solution can be considerably simplified and presented as ordinary continued fractions. 
sϩ2͑s ͒ϩ 2 sϩ3͑s ͒ϩ 1 6͓sϩ4͑s ͔͒ ϩ ͑ 5Ϫ1/3͒/2 sϩ4͑s ͒ϩ¯.
͑30͒
For ␣ϭ1, (s)ϭ␤Ј and Eq. ͑30͒ coincides with that of Sack ͓14͔ for normal rotational diffusion with a corrected misprint ͓16͔. In the high damping limit (␤Јӷ1), Eq. ͑30͒ can be simplified yielding the generalization to fractional dynamics of the Rocard ͓16͔ equation, namely,
ϭ2Ϫ␣. ͑32͒
On neglecting inertial effects (→0), Eq. ͑31͒ reduces to Eq. ͑1͒, i.e., the result previously proposed from empirical considerations ͓24,25͔. The results of numerical calculations indicate that the matrix continued fraction solution ͓Eqs. ͑28͒ and ͑29͔͒ and the ordinary continued fraction solution of Ref.
͓11͔ for linear molecules and Eq. ͑30͒ for spherical tops yield the same results. The approach we have developed may also be extended to treat all the other averages ͗P n (cos )͘(t) characterizing orientational relaxation in fluids ͓2,3͔, in particular, to evaluate the average of the second-order Legendre polynomial ͗P 2 (cos )͘(t) ͑this quantity describes the dynamic Kerreffect͒ which is given in Appendix B.
V. RESULTS AND DISCUSSION
The infinite matrix continued fraction Eq. ͑28͒ is easily computed so that the complex dielectric susceptibility Eq. On the other hand, the high-frequency behavior of Љ() is entirely determined by the inertia of system. Just as in normal Brownian dynamics, it is apparent that inertial effects produce a much more rapid falloff of Љ() at high frequencies. Indeed, one can show that our fractional model satisfies the Gordon sum rule for the dipole integral absorption ͓26͔, viz.,
It is significant that the right hand side of Eq. ͑33͒ is determined by molecular parameters only and is independent of the temperature and the model parameters ␣, ␤Ј, and ␤ z Ј . In contrast, the fractional noninertial rotational diffusion model ͓3͔ ͓yielding Eq. ͑1͔͒ predicts infinite integral absorption. We remark that all the above results are obtained by using the Barkai-Silbey ͓9͔ fractional form of the Klein-Kramers equation for the evolution of the probability distribution function in phase space. In that equation, the fractional derivative, or memory term, acts only on the right-hand side, that is, on the diffusion or dissipative term. Thus, the form of the Liouville operator, or convective derivative is preserved ͓cf. the right-hand side of Eq. ͑4͔͒. Thus, Eq. ͑4͒ has the conventional form of a Boltzmann equation for the single particle distribution function. The preservation of the Liou- 3 ͑curve 4͒, and ␤Јϭ10 4 ͑curve 5͒. Asterisks: Eq. ͑1͒.
ville operator is equivalent to stating that the Newtonian form of the equations of motion underlying the KleinKramers equation is preserved. Thus, the high frequency behavior is entirely controlled by the inertia of the system, and does not depend on the anomalous exponent. Consequently, the fundamental sum rule, Eq. ͑33͒, for the dipole integral absorption of single axis rotators is satisfied, ensuring a return to transparency at high frequencies as demanded on physical grounds.
At this stage, it is appropriate to mention yet another generalization to fractional dynamics of the Klein-Kramers equation, which has been proposed in Ref. ͓7͔. Here, unlike Eq. ͑4͒, the fractional derivative acts on the convective as well as the diffusive terms in the normal Klein-Kramers equation. This equation, in the notation of Eq. ͑4͒, reads
͑34͒
Equation ͑34͒ may also be solved exactly in terms of a scalar continued fraction just as Eq. ͑4͒ for the complex susceptibility of an assembly of noninteracting dipoles. However, the complex susceptibility so rendered does not satisfy the Gordon sum rule, the absorption coefficient Љ() showing a marked divergence at high frequencies as increases. Thus, the high frequency behavior of the dielectric susceptibility predicted by Eq. ͑34͒, is physically unacceptable, unlike that predicted by the Barkai-Silbey equation. For example, the generalization of the Rocard equation gained using Eq. ͑34͒, viz.,
predicts a divergent absorption coefficient. The root of the problem appears to be the supposition that the fractional derivative ͑or memory function with a power law kernel so that the process depends on the history of the system͒ acts on the convective terms. If it is allowed to act on these terms, then the high frequency behavior is no longer entirely inertia controlled, it depends on the dissipation through the anomalous exponent, with the result, that the Gordon sum rules are violated, and infinite absorption ensues. This is the reason for the use of the Barkai-Silbey equation. We also remark that the Barkai-Silbey equation was originally given for subdiffusion in velocity space (␣Ͻ1), or for enhanced diffusion in configuration space (Ͼ1). However, the most interesting case is subdiffusion in configuration space, corresponding to the Cole-Cole equation in dielectric theory. This suggests extending the Barkai-Silbey equation to enhanced diffusion in velocity space, corresponding to subdiffusion in configuration space, since ϭ2Ϫ␣. The justification for doing this is simply that this generalization yields physically meaningful results for the broad-band spectrum of the complex susceptibility (), as well as yielding the Cole-Cole equation in the limit ␥→0. It is also apparent that the Barkai-Silbey equation must have its origin in a Lévy ͑rather than a purely fractal͒ time random walk ͓7͔, as unlike Eq. ͑34͒, it does not separate into temporal and spatial parts, moreover, the exponential decay of the normal diffusion theory is not replaced by a Mittag-Leffler function, as in a fractal time random walk ͓7͔. Such behavior is indicative of coupling between the jump length probability distribution and the waiting time probability distribution, that is, the jump length and waiting time are not independent random variables. As far as comparison with experimental data is concerned, the fractional Klein-Kramers model under discussion may be suitable for the explanation of dielectric relaxation of dilute solution of polar molecules ͑such as CHCl 3 , CH 3 Cl, etc.͒ in nonpolar glassy solvents ͑such as decalin at low temperatures, see, e.g., Ref. ͓27͔͒. Here, in contrast to the normal diffusion, the model can explain qualitatively the inertiacorrected anomalous ͑Cole-Cole-like͒ dielectric relaxation behavior of such solutions at low frequencies. However, one would expect that the model is not applicable at high frequencies ͑in the far-infrared region͒, where the librational character of the rotational motion must be taken into account. The failure of the fractional Klein-Kramers model to account for the high-frequency ͑Poley͒ absorption even though it explains the return to transparency at high frequencies is to be expected in view of the assumption made in the On substituting Eqs. ͑21͒ and ͑23͒ into Eq. ͑22͒ and introducing a new quantity a n,k defined as a n,k ϭb n,2k
1,1 /k!, we obtain
Further, for the series
͑where the summation is taken over the elements a n,k with nϩkϭm, e.g., S 0 ϭa 0,0 , S 1 ϭa 1,0 ϩa 0,1 , S 2 ϭa 2,0 ϩa 1,1 ϩa 0,2 , etc.͒, we have from Eqs. ͑A1͒ and ͑A2͒
q m Ϫ ϭϪ 4mϩ6
sϩ2m͑s͒
.
͑A7͒
The continued fraction solution of the three-term recurrence Eq. ͑A4͒ is where the infinite continued fraction Z 2 is determined by the recurrence relation Z n ϭ n/2 sϩ͑s ͒͑ nϪ1 ͒ϩ 1 ͑ nϩ2 ͓͒sϩn͑ s ͔͒ ϩ n͑nϩ3 ͒ 2͑nϩ2 ͓͒sϩn͑ s ͒ϩZ nϩ2 ͔ .
͑A11͒
Equations ͑A10͒ and ͑A11͒ yield Eq. ͑30͒.
APPENDIX B: DYNAMIC KERR EFFECT RESPONSE
One may also readily derive differential-recurrence equations for the statistical moments involving the associate Legendre functions of order 2(lϭ2) pertaining to the dynamic Kerr effect, viz., b n,k 2,m (t) ͓so that b 0,0 2,0 (t)ϭ͗ P 2 (cos )͘(t)]. These equations can be written as a system of algebraic recurrence relations in the frequency domain using Laplace transformation, namely, ϭϪnb n,k 2,Ϫ1 Ϫ4͑nϩ1 ͒b nϪ1,k 2,Ϫ1 ϩͱB͑b n,kϩ1
2,2 ϩ2kb n,kϪ1
2,2 ͒,
͑B5͒
Then the hierarchy of equations for b n,k 2,m (s) Eqs. ͑B1͒-͑B5͒ can be transformed into the matrix three-term differentialrecurrence equation
where the supercolumn vector C n (s) comprising of five subvectors
